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This paper considers the problem of motion synchronization of free-flying robotic spacecraft and serviceable

floating objects in space. The synchronizationmaneuvers are a combination of relative position tracking and attitude

reorientation. Control laws are developed that ensure that the relative position vector between a pursuer and target

spacecraft is always directed toward the docking port of the target. The tracking-error reference signals are

generated based on a novel “virtual target” construction. Also, the attitude reorientation of the pursuer is achieved

by constructing a desired attitude from the virtual target, and the control law seeks to nullify the errors between the

current and desired attitude parameters. The control law synthesis proceeds along familiar, established procedures

motivated by feedback-linearization-based approaches. Disturbance torques due to gravity gradient and other

unknown but bounded disturbances are accounted for using an adaptive control formulation. The stability of the

control laws are demonstrated via Lyapunov analysis and Matrosov’s theorem. Numerical simulations are

performed to demonstrate the efficacy of this control formulation.

I. Introduction

T HE successful capture of a tumbling object in orbit using an
autonomous space vehicle has become an important research

topic due to the continuous increase of orbit activity. Typical
applications that could use this include collecting and removing
space debris, servicing a malfunctioning satellite, refueling a
powerless satellite, or installing improved technology. Researchers
from the National Space Development Agency of Japan have
developed a mission plan using a new system concept called the
Hyper-Orbital-Servicing Vehicle (HOSV) to carry out such a phased
capture. The system is composed of a bulky mothership and a
deployable operation function that is agile and compact. In general,
the mission of the HOSV system up to and including the point of
capture is composed of fivemain phases: orbit transfer, approach and
observation, trajectory planning, operation function deployment,
and capture [1]. The scope of this paper presents techniques for
observation and the control necessary to provide a safe and effective
capture of a slowly tumbling satellite, which will be referred to as the
target satellite. Themaneuverable operation function will be referred
to as the pursuer satellite and will be equipped with an onboard
control system and a docking mechanism.

To gather position and state information for closed-loop control to
navigate the capture vehicle toward the target, Lichter and
Dubowsky [2] developed an approach that uses 3-D vision sensors
during an observation phase that provides input to a Kalman filter,
which extracts the full dynamic state and inertial parameters of the

target. Alternately, in most missions, it is likely that the position and
velocity (angular/translational) sensors in the target vehicle
(assumed friendly) are operational, thereby providing the attitude
and angular velocity measurements to the pursuer. In such a
situation, one can precisely control the pursuer in the capture phase
using an adaptive controller that compensates for the lack of the
knowledge of the inertia of the target. Although in certain specific
cases the identification of the target spacecraft inertia parameters
might be possible, it is generally a challenging problem if the system
parameters are poorly observable from the measured states and this
observability cannot be guaranteed a priori.

In this paper, for the capture phase of the mission, we propose an
attitude-synchronization approach combined with relative position
tracking that provides an effective approach for the development of a
control system to ensure a successful capture. The concept is to safely
maneuver the pursuer so that its docking component is always facing
the docking component of the target. While maintaining this attitude
orientation through synchronization, the relative position of the
satellites gradually decreases until grasping or another kind of
docking is established.

Several research projects dealing with autonomous rendezvous
and docking of orbiting satellites have been conducted over the past
decade [3]. Particularly relevant to the work in this paper are the
Tsuda and Shinichi [4] optimized control algorithm that avoids
nonlinearity effects, but limits the maximum control torque for
attitude synchronization of a tumbling object in space and the
Nakamura et al. [5] implementation of attitude synchronization using
feedback and feedforward control techniques within the same empty
space environment. It seems natural that extending these approaches
to the capture of a tumbling object in any orbit provides the most
applicable scenario for today’s booming satellite industry. In 1998,
Mitsubishi Electric successfully docked two unmanned satellites
(formally called Engineering Test Satellites VII) under the funding
and direction of Japan’s National Space Development Agency
(JAXA). Their investigation established assurance that autonomous
docking of satellites is indeed feasible and provided evidential
insight for overcoming the various mishaps that can occur [6].

The rest of the paper is organized as follows: The problem
description is presented in the next section, wherein the relevant
coordinate frames, governing equations of motion, standing
assumptions, and actuation models are detailed. Following this, the
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engagement scenario and the control methodology is described. This
is followed by a discussion on the stability of the control law. Finally,
detailed simulations highlighting the effectiveness of the control
methodology are described.

II. Problem Description

We seek to derive globally ultimately bounded stable (in the
presence of bounded disturbances) coupled position and attitude
control laws for simultaneous relative position and attitude control of
two spacecraft in a specified orbit. Of the two satellites in
engagement, termed the pursuerP and the target T , only the pursuer
is maneuverable. The target is uncontrolled (rotation as well as
translation) but is capable of providing its state information (position,
velocity, attitude, and angular velocity) to the pursuer at all times.
The following definitions and assumptions are in order.

A. Coordinate Reference Frames and Notation

For the motion of rigid spacecraft orbiting around the Earth, the
following coordinate frames are considered, as shown in Fig. 1.

1) The Earth-centered coordinate frame is denoted as N �
fON ; îN ; ĵN k̂N g and is fixed to the center of the Earth with îN in the

direction of the vernal equinox, k̂N points toward the north pole, and

ĵN (in the equatorial plane) completes the triad.
2) The local-vertical-local-horizontal (LVLH) frame attached to

the target is denoted as O� fOO; îO; ĵO; k̂Og, where k̂O is the

direction of the orbit normal, îO is directed along the radius vector of

the target from the Earth’s center RT , and ĵO � k̂O � îO completes
the triad.

3) The body-fixed frames are denoted as P � fOP; îP; ĵP k̂Pg and
T � fOT ; îT ; ĵT k̂T g for the pursuer and the target, respectively.
Without any loss of generality, one can assume that the fully

extended docking arm denoted as d̂P is one of the unit vectors in the
triad representing the pursuer body-fixed frame; likewise, the

outward normal at the receiving port on the target, d̂T , can be one of
the unit vectors comprising the triad representing the target body-
fixed coordinate system (see Fig. 2).

1) The coordinates of a vector v relative to the frame f�g are
denoted as vf�g

2) �CAB� denotes the direction cosine matrix between the
coordinate framesA and B. Thus, a transformation of a vector from
frame B to frame A is accomplished as vA � �CAB�vB.

3) The angular velocity vector of a frame A relative to N is
denoted as!NA, and its components with respect to either one of the

reference frames are denoted by !N
NA or !A

NA.
4) The specific identification of the angular velocity of the pursuer

or the target relative to frame N is made by the notations !NP and
!NT , respectively.

B. Governing Equations of Motion

The relative translational motion dynamics are developed based
on the relative position and velocity of the pursuer with respect to the

LVLH frame fixed to the target; that is,

r O � xîO � yĵO � zk̂O

For a circular target orbit, these equations reduce to the Hill–
Clohessy–Wiltshire equations [7,8]. The details of the governing
equations for relative translation and attitude dynamics are given
next.

1. Relative Translational Dynamics

The nonlinear equations of motion governing the translational
motion are described next:

�x � 2 _� _y� ��y � _�
2
x�� ��RT � x	

��RT � x	2 � y2 � z2	
3
2

� �

R2
T
� ux � fx

(1)

�y� 2 _� _x� ��x � _�
2
y�� �y

��RT � x	2 � y2 � z2	
3
2

� uy � fy (2)

�z�� �z

��RT � x	2 � y2 � z2	
3
2

� uz � fz (3)

where ffx; fy; fzg are the relative disturbance acceleration
components in the LVLH frame attached to the target and
fux; uy; uzg are the control accelerations of the pursuer with
components in the target’s LVLH frame. The preceding equations
are augmented with those given in Eqs. (4) and (5) that describe the
evolution of the target’s orbit:

�R T � RT
_�
2 � �

R2
T

(4)

����2
_RT

RT

_� (5)

where RT is the magnitude of the radius vector to the target in the
Earth-centered inertial frame RT , and � is the latitude angle (sum of
the argument of the perigee and the true anomaly of the target
satellite).

2. Rotational Dynamics

The rotational kinematics are described using aminimal parameter
representation for attitude: namely, the modified Rodrigues
parameters (MRPs). A detailed account of MRPs and their
properties can be found in [9].

a. Target Attitude Kinematics and Dynamics. Because the
attitude is parameterized in terms themodified Rodrigues parameters
�T , the attitude kinematics are represented as

_� T � 1
4
�J��T 	�!T

NT (6)

where �J��T 	� is expressed as

�J��T 	� �
h�

1 � �TT �T
�
I3�3 � 2 skew��T 	 � 2�T �

T
T

i
Fig. 1 Orbital and Earth-fixed reference frames.

Fig. 2 Pursuer–target fixed reference frames.
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The attitude dynamics are given by

_! T
NT ��H�1T skew (7)

where!T
NT represents the angular velocity of the target with respect

to the inertial frameN expressed in the T -frame components,HT is
the moment of inertia of the target spacecraft, �T is the external
disturbance torque acting on the target, and skew�!T

NT 	 is the skew-
symmetric matrix cross-product operator [7].

b. Pursuer Attitude Kinematics and Dynamics. Similar to the
target, the governing equations for the pursuer’s attitude dynamics
are summarized next:

_� P � 1
4
�J��P	�!P

NP (8)

_! P
NP ��H�1P skew (9)

where �P is the MRP that parameterize the attitude of the pursuer,
!P

NP represents the angular velocity of the pursuer with respect to the
inertial frame N expressed in the P-frame components, HP is the
moment of inertia of the pursuer spacecraft, �P is the external
disturbance torque acting on the pursuer, and � is the control torque
input.

c. Disturbance Torques. The disturbance torques that are
modeled include gravity gradient torques and unknown disturbances
with known waveforms. We lump all these disturbances and
represent them as

� i � �i0 � �ic cos��t	 � �is sin��t	

It is further assumed that although the orbit frequency

��
������
�

a3T

r

(where aT is the semimajor axis of the target’s orbit) is known a
priori, the disturbance amplitudes f�i0; �ic; �isg are unknown (i� P
or T , depending on whether it is the pursuer or the target in
consideration). The actuators used for the attitude control of the
pursuer are assumed to be passive, such as momentum wheels:

� P � �P0 � �Pc cos��t	 � �Ps sin��t	 �
�

R5
P
RP

P �HPR
P
P

�T � �T 0 � �T c cos��t	 � �T s sin��t	 �
�

R5
T

RT
T �HT R

T
T

(10)

Note that because the translational motion of the target is assumed
to be perturbed by disturbance forces, the orbit of the target is
perturbed, and hence the orbit frequency could change, making it
time-varying. We neglect these variations in the analysis. This is a
reasonable assumption because the engagement times are much
shorter than the period of the orbit itself.

III. Engagement Scenario and Control Methodology

The solution to the problem stated in Sec. II is achieved via precise
attitude synchronization and relative position tracking. In other
words, the control system onboard the pursuer adjusts the pursuer’s
attitude andmaneuvers its relative position such that its docking port
is aligned with the docking port of the target.

Note that in subsequent sections, each aspect of the control
(rotation and translation) is derived separately. This is only for the
sake of illustration. The actual synthesis is, in fact, a coupled control
law derivation. The control strategy for this coupled position
tracking and attitude synchronization is described next:

A. Relative Position Tracking

The objective for the translational control (force input) is to
maintain a safe constant relative distance between the target and the
pursuer. To implement this, a fictitious desired relative position
vector rTd is constructed. For the desired constant relative distance

defined as rd, the desired relative position vector is simply

r Td � rdd̂T � rdîT

(without loss of generality). Thus, if the translational position error is
defined as

e O � rO � �COT �rTd

then the objective of the control law is to ensure that eO ! 0 as
t!1 (asymptotic stability). Note that rTd is a time-varying quantity
and its direction in space depends upon the attitude of the target.

B. Attitude Synchronization

An attitude error between the desired orientation of the pursuer’s
docking port and the current orientation is constructed, and the
objective of the attitude controller is to find the torque input
necessary to nullify this error. The desired orientation in this case is
constructed as themirror image of the target’s docking port direction.
Note that because the target is uncontrolled and tumbles freely, the
direction of the docking port on the target changes as well; hence, the
desired orientation of the pursuer’s docking port changes as well.

IV. Control Law Derivation

The control law derivation is summarized in two parts. The first
part deals with derivation of a translational control law that seeks to
align the pursuer along the desired relative position vector while
maintaining a safe separation distance. The second part deals with an
attitude reorientation maneuver that orients the pursuer’s docking
port in the desired direction. We reiterate that the separate
derivations are merely to facilitate understanding the details. We do
not require the translation or the attitude errors to converge in any
particular order. The details of the implementation of the control
laws are summarized in Fig. 3.

A. Relative Position Tracking Control Law

As mentioned, the goal of this controller is to ensure that

e O � rO � �COT �rTd ! 0

This ensures that the pursuer is aligned with the docking port of the
target and that it is located at the desired relative distance from the
target. Restricting our attention to derivation of the error quantities
with respect to the LVLH frame and because

e O � rO � rd�COT �îT

we obtain

Fig. 3 Control algorithm implementation for pursuer–target cooper-

ative docking.
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_e O � _rO � rd�COT �
�
!T

OT � îT
�

(11)

Also,

�e O � �rO � rd�COT �
�
_!T
OT � îT �!T

OT �!T
OT � îT

�
(12)

Note that !T
OT �!T

NT � !T
NO and

_! T
OT � _!T

NT � skew
�
!T

OT

�
�CTO�!O

NO � �CTO� _!O
NO�

We observe that _!T
NT is obtained from Eq. (7) and _!O

NO is obtained
from the target’s orbit evolution, and the formulation allows for a
description of the generic orbit evolution in the presence of
uncertainties that perturb the orbital elements.

In the absence of any perturbation forces on the target’s orbit, _!O
NO

can also be described based on Eq. (5) and _!T
OT can be expressed as

_!T
OT ��H�1T skew

�
!T

NT

�
HT !

T
NT �H�1T �T

� skew
�
!T

OT

�
�CTO�!O

NO� �CTO�
�
0 0 �2 _RT

RT
!O

NO�3;1	
�
T

(13)

_! T
OT � f0

�
CTO;!

O
NO; RT ; _RT

�
� fh

�
!T

NT ;HT ; �T

�
(14)

where �CTO� � �CTN ��CNO�. It is evident from Eq. (14) that the terms
in fh contain the target’s inertia as well as the disturbance torques
acting on the target. However, a linear representation of the
unknown/uncertain parameters is possible, and this will be exploited
in the adaptive control design.

The translational tracking-error dynamics can then be compactly
expressed as

�eO �A1r
O �A2 _r

O � rd�COT �
�
_!T
OT � îT �!T

OT

�!T
OT � îT

�
� u� f (15)

�eO�A1r
O�A2 _r

O � rd�COT �
�
f0

�
CTO;!

O
NO;RT ; _RT

�
� îT � fh

�
!T

NT ;HT ;�T

�
� îT �!T

OT �!T
OT � îT

�
� u� f

(16)

where

A 1 �

_�
2 � 2�

R3
T

�� 0

� �� _�
2 � �

R3
T

0

0 0 � �

R3
T

2
664

3
775

and

A 2 �
0 2 _� 0
�2 _� 0 0

0 0 0

2
4

3
5

The synthesis of the controller follows a feedback-linearization-
like approach [10–13] and is detailed next.

A control law that consists of a proportional–integral–derivative
type of structure with the feedback terms associated with

eO
Z
t

0

eO�s	 ds _eO

and a nonlinear function

f c

�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
that is yet to be determined is proposed to meet the desired control
objective:

u��KPeO � KD _eO � KI
Z
t

0

eO�s	 ds

� fc
�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
(17)

where KP, KD, and KI 2 R3�3 are positive-definite diagonal
matrices corresponding to the proportional, derivative, and integral
matrix feedback gains, respectively.

Theorem 1. For the case when all external disturbances are absent,
the transitional control law specified in Eq. (17) asymptotically
stabilizes the translational dynamics governed by Eq. (15): that is,
�e; _e	 ! 0 as t!1.

Proof. Setting the disturbances to zero and substituting the control
law from Eq. (17) into Eq. (16), we obtain

�eO �KD _eO �KPeO �KI
Z
t

0

eO�s	 ds

� fc
�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
�A1r

O �A2 _r
O

� rd�COT �f0

�
CTO;!

O
NO; RT ; _RT

�
� îT � rd�COT �H�1T skew

�
!T

NT

�
HT!

T
NT � îT

Also, the right-hand side (RHS) of the preceding equation can be
further simplified as

RHS� f c
�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
�A1r

O

�A2 _r
O � rd�COT �f0

�
CTO;!

O
NO; RT ; _RT

�
� îT � rd�COT �L�g � îT

where L� 2 R3�6 and g 2 R6�1. Further we recognize that

skew
�
!T

NT

�
HT!

T
NT �L1g

The definitions of L1 and g follow from [14,15]. We thus conclude
that L� �H�1T L1. For the case when all parameters (i.e., target
inertia) are known exactly, a specific choice of

f c

�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
that ensures asymptotically stable translational error dynamics is

f c

�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
��A1r

O �A2 _r
O

� rd�COT �f0

�
CTO;!

O
NO; RT ; _RT

�
� îT � rd�COT �L�g � îT

For this choice of fc�
 
 
	, the closed-loop translation error dynamics
reduce to

�e O �KD _eO �KPeO �KI
Z
t

0

eO�s	 ds� 0

which is rendered uniformly exponentially stable for an appropriate
choice of fKPKIKDg. In this case, these gains should be chosen such
that KP;KD;KI > 0 and KP � K�1D KI > 0.

However, because the target inertia parameters are not known a
priori, the aforementioned control law with the choice of f c�
 
 
	 as
previously specified cannot be implemented. Reference [2] suggests
a method to estimate the inertia parameters based on radar images. In
this paper, to remedy this an online estimate of the parameter matrix
L� given by L�t	 is synthesized. The nonlinear function fc�
 
 
	 is
then specified as
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f c

�
rO; _rO;!T

OT ; _!
T
OT ; îT

�
��A1r

O �A2 _r
O

� rd�COT �f0

�
CTO;!

O
NO; RT ; _RT

�
� îT � rd�COT �L�t	g� îT

(18)

Using this definition of fc�. . .	 from Eq. (18), we now obtain the
closed-loop translational error dynamics as

�e O �KD _eO �KPeO �KI
Z
t

0

eO�s	 ds� rd�COT � ~L�t	g � îT

(19)

where ~L�t	 � L�t	 � L�. The closed-loop dynamics in Eq. (19) can
be rewritten using

z �
� R

t
0 e

O�s	 ds eO _eO
�
T

as

_z�Acz�Bc� (20)

where ���rd skew�îT 	�COT � ~L�t	g,

A c �
03�3 I3�3 03�3
03�3 03�3 I3�3
�KI �KP �KD

2
4

3
5 and Bc �

03�3
03�3
I3�3

2
4

3
5

We note that the matrixAc is Hurwitz (all eigenvalues have negative
real parts). To show asymptotic stability of the closed-loop dynamics
in Eq. (20), we begin with a candidate Lyapunov function and follow
along the same lines described in [12]:

V � 1
2
zTPTz� 1

2
rd tr

�
~LT��1T ~L

�
(21)

where �T � �TT > 0 is a symmetric positive-definite adaptation gain
matrix, and PT � PTT > 0 is the symmetric positive-definite solution
to the Lyapunov equation for a specified symmetric positive-definite
matrix QT �QT

T > 0; that is,

P TAc �AT
cPT ��QT

The solution PT exists because Ac is Hurwitz.
Differentiating Eq. (21) along the trajectories in Eq. (20) and using

the Lyapunov equation, we obtain

dV

dt
�� 1

2
zTQTz� zTPTBc�� rd tr

�
~LT��1T

_~L
�

(22)

The second term in Eq. (22) can bemanipulated bymaking use of the
trace identities from [16]. After a few manipulations, we obtain

dV

dt
�� 1

2
zTQTz� rd tr

�
~LT �COT �T skew�îT 	BTcPTzgT

� ~LT��1T
_~L
�

(23)

We choose the adaptive update law for _L�� _~L	 as

_L���T �COT �T skew�îT 	BTcPTzgT since L� � const (24)

With the choice of the adaptation law as in Eq. (23), Eq. (24) reduces
to

dV

dt
�� 1

2
zTQTz � 0 (25)

Because V > 0 and dV=dt � 0, we conclude that z, ~L 2 L1.
Further, integrating Eq. (25) from 0 to1, it can be trivially shown
that z 2 L2; thus, z 2 L2 \ L1. To prove asymptotic stability of the
translational error dynamics, it needs to be shown that _z 2 L1.
Looking at the expression for �, the boundedness of � is guaranteed

as long as g is bounded. Recall that g is composed of the components
of the angular velocity of the target satellite. If there are no external
disturbance torques on the target satellite, then the target’s
rotational kinetic energy remains constant. However, this cannot be
guaranteed for an uncontrolled satellite experiencing significant
disturbances. In essence, this is also the primary challenge with the
synchronization-based capture of an uncontrolled satellite subject to
disturbing forces and torques. Therefore, from Barbalat’s lemma

[17], we conclude that z! 0 as t!1. In other words, rO !
rd�COT �îT as t!1. □

For the problem under consideration, the natural perturbing forces
due to differential gravity, solar radiation pressure, and differential
atmospheric drag are very small and are treated to be constant
disturbance forces. The integral action is introduced into the control
law to counter these disturbances [18]. In the presence of unknown
yet bounded disturbances (i.e., kfk1 � fm), it is possible to
robustify the adaptive laws further to show the convergence of the
tracking errors to a residual set. In this context, when bounded
unknown disturbances are present, the robust adaptation law [17]
(namely, the � modification) is given as follows:

_L���T �COT �T skew�îT 	BTcPTzgT � �L (26)

for some � > 0. The time derivative of the Lyapunov function
candidate is then obtained as

dV

dt
�� 1

2
zTQTz� zTPTBcf � �rd tr

�
~LT��1T L

�
(27)

Now, using straightforward completion of squares [or even Young’s
inequality on the second termof theRHSofEq. (27)], it can be shown
that

dV

dt
� � 1

2
zT
h
QT � ��10 I

i
z� �0

2
kPTBcfmk2 � �rd tr

�
~LT��1T L

�
(28)

for some �0 > 0. Further,

_V��1
2
zT �QT���10 I�z�

�

2
rd tr� ~LT��1T ~L	

��0
2
kPTBcfmk2�

�

2
rd tr�L�T��1T L�	

���V�1
2
zT �QT���10 I�2�PT �z

�
�
�

2
��

�
rd tr� ~LT��1T ~L	��

2
rd tr�L�T��1T L�	�

�0
2
kPTBcfmk2

Choosing

� �min

�
1

2
�
�
QT � ��10 I

�
�
�
P�1T

�
;
�

2

�

where ��
	 is the spectral radius operator [19,20], it follows that

_V � ��V � �
2
rd tr

�
L�T��1T L

�
�
� �0kPTBcfk

2

2
(29)

Thus, _V � 0 whenever

V � V0 ≜
1

�

�
�

2
rd tr

�
L�T��1T L

�
�
� �0kPTBcfmk

2

2

�
(30)

Thus, with the � modification, we extend the properties of the
adaptive laws for the no-disturbance case to the nonideal case when
disturbances are present. A drawback of this technique, however, is
that theL2 property ofz is no longer guaranteed in the presence of the
nonzero disturbance term f . However, z can be shown to be f2m � �
small in the mean square sense. This could lead to an undesirable
phenomenon known as bursting and can be avoided by using a
different robustification scheme such as the dead-zone modification
(see [17] for more details).
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Also note that for the case when the external disturbances are
constant, the control law could be trivially modified to include a
feedforward term; that is

u ��f̂ � KPeO � KD _eO � KI
Z
t

0

eO�s	 ds� f c�
 
 
	

where f̂�t	 is the feedforward estimate of the unknown constant
disturbance f . With this choice of the control law, the closed-loop
error dynamics become

_z�Acz�Bc��Bc ~f (31)

where ~f � f � f̂ . We then choose a Lyapunov function candidate

V � 1

2
zTPTz�

1

2
rd tr

�
~LT��1T ~L

�
� 1

�
~f
T ~f

where� > 0. On differentiatingVwith respect to time and evaluating
the trajectories along the closed-loop error dynamics, substituting the
adaptive laws for L as in Eq. (24), we obtain

_V �� 1

2
zTQTz� zTPTBc ~f �

1

�
_~f
T
~f

Thus, the estimate of the feedforward disturbance cancellation term
is simply

_~f �� _̂f ���BTcPTz

or

_̂
f � �BTcPTz

The proof of asymptotic stability of the translational error dynamics
thereafter follows along the same lines as that described earlier. It
should be noted that had the control law been prescribed to be of a
proportional–derivative kind, the feedforward estimate of the
constant disturbance would essentially have involved the integral of
the translational error, thereby introducing the integral feedback
term.

B. Attitude-Synchronization Control Law

Although the control law derived earlier maneuvers the pursuer
satellite to align with a specific desired position vector, an additional
maneuver is performed simultaneously that reorients the pursuer
satellite so that the docking port of the pursuer faces the docking port
on the target satellite. To begin the control law derivation for this
maneuver, the rotational kinematics and the Euler equations
representing the attitude dynamics of the pursuer are combined to
provide a more convenient representation of the rotational equations
of motion. After some algebraic manipulation, the rotational
equations of motion of the purser can be expressed by the following
equation [21,22]:

H �
P��P	 ��P � C�P��P; _�P	 _�P � ��P � ��P (32)

where

JP �
h�

1� �TP�P
�
I3�3 � 2� ~�P � � 2�P�

T
P

i
J�TP �

h
J�1P

i
T

H�P��P	 � 4J�TP HPJ
�1
P

C�P��P; _�P	

��4
�
H�P��P	

d

dt
�JP	J�1P � J�TP skew�HPJ

�1
P _�P	J�1P

�
��P � J�TP �P ��P � J�TP �P

The symmetry of themoment-of-intertia matrixHP can be exploited
so that the gravity gradient disturbance model can be parameterized

with respect to the vector containing the six different components
that make upHP .

This inertia vector is given by

� �P � �HP�1;1	 HP�2;2	 HP�3;3	 HP�1;2	 HP�1;3	 HP�2;3	 �T

and following the approach outlined in [21,23], we note that given
�� � �1 �2 �3 �T , the following relationship holds true:

H P�����	��P (33)

where the operator ���	 is defined by

� ��	 

�1 0 0 �2 �3 0

0 �2 0 �1 0 �3
0 0 �3 0 �1 �2

2
4

3
5

Given this relationship, the net external disturbance torque acting on
the pursuer, as listed in Eq. (10), can be modeled in the following
form:

�� P � J�TP
�
Y��P ����P

�
(34)

where the matrix Y 2 R3�6 and � 2 R3�9 are given by

Y �� �

R5
P

skew
�
RP

P

�
�
�
RP

P

�

� � � I3�3 cos��t	I3�3 sin��t	I3�3 �

and

� �P �
�P0
�Pc
�Ps

 !

To synthesize the attitude control law, we define a desired attitude
vector that the pursuer should track to achieve the control objective.
The error associated with the orientation of the pursuer is then
defined as "� �P � �D, where �D is the desired orientation that
ensures the docking port vector points in the direction exactly
opposite that of the receiving port on the target. Because the
translational control law ensures that the pursuer is at the desired
relative distance directed along the outward normal from the
receiving port, the pursuer now needs to perform the reorientation

maneuver for synchronization: that is, 1� coshd̂P; d̂T i � 0. Hence,

to complete the reorientation of the pursuer to align d̂P��îP	 along
�d̂T �� � îT 	, the following approach is proposed. We construct a
“virtual desired reference frame” CDN that facilitates the preceding.
Because the pursuer’s docking port must always face the target’s
docking port, this is set up as follows:

C DN �R1�0	R2�0	R3�		CTN !D
ND � CDNC

T
TN!

T
NT

whereRi��	 corresponds to the unit rotationmatrix about the ith axis
through an angle �. The desired attitude, denoted as �D
(parameterized in terms of the MRPs), is then obtained from the
principal rotation vector and the principal rotation angle computed
from the direction cosine matrix �CND�, as shown in [7]. As
mentioned earlier, the orientation error is defined as "� �P � �D,
and the objective of the controller is to ensure that "! 0 as t!1.
The derivation of the controller is outlined next.

The following closed-loop error dynamics are prescribed hence:

H �
P �"�

�
�KD � C�P

�
_"� �KP"� 0 (35)

where �KD and �DP are positive-definite diagonal gain matrices, and
H�P is a symmetric positive-definite matrix. It can be shown that the
aforementioned tracking-error dynamics are asymptotically stable
[22]. To derive the attitude control law, the dynamics of the pursuer
are substituted into the tracking-error dynamics to obtain
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���� �KP" � �KD _" � J�TP
�
Y��P ����P

�
(36)

Because, in reality, the inertia parameters and the disturbance
amplitudes are not exactly known, online estimates of these
parameters are generated and used in the control law (following from
the certainty equivalence principle). Given these estimates, the
control law now takes the form

���� �KP" � �KD _" � J�TP �Y�̂P ���̂P	 (37)

Using the preceding, the closed-loop tracking-error dynamics
become

H �
P �"� � �KD � C�P	 _"� �KP"� J�TP �Y ~�P �� ~�P	 (38)

where the inertia parameter errors and the disturbance amplitude

errors are defined as ~�P � ��P � �̂P and ~�P � ��P � �̂P , respectively.
The next step is to derive adaptive laws for �̂P and �̂P such that the
proposed controller guarantees asymptotic stability despite the
uncertainty in the inertia parameters and the external disturbance
model. To develop the adaptive laws, a Lyapunov stability approach
is used. We propose the following candidate Lyapunov function:

V � 1
2
_"TH�P _"� 1

2
"T �KP"� 1

2
~�
T
P�
�1
T

~�P � 1
2
~�
T
P�
�1



~�P (39)

where�� � �T� 2 R6�6 and�
 � �T
 2 R9�9 are symmetric, positive-
definite, adaptation gain matrices. The time derivative of this
Lyapunov function candidate is evaluated along the trajectories of
Eq. (38) and is given by

_V � 1
2
_"T
�
H�P � 2C�P

�
_" � _"T �KD _" � _"T �KP"

� _"TJ�TP �Y ~�P �� ~�P	 � _"T �KP"�
_~�
T

P�
�1



~�P �
_~�
T

P�
�1



~�P

(40)

Noting that _H�P � 2C�P is skew-symmetric and following other
simplifications, we obtain

_V �� _"T �KD _"�
�
_"TJ�TP Y �

_~�
T

P�
�1
�

�
~�P

�
�
_"TJ�TP �� _~�

T

P�
�1



�
~�P (41)

The adaptive laws are then synthesized as follows:

_~� P ����YTJ�1P _" or
_̂
�P � ��Y

TJ�1P _" (42)

and

_~� P ���
�TJ�1P _" or
_̂
�P � �
�

TJ�1P _" (43)

Using the Eqs. (42) and (43) in Eq. (41), we obtain

_V �� _"T �KD _" � 0 (44)

Because _V � 0 and V > 0, we conclude that ", _", ~�P , and ~�P 2 L1
(boundedness of signals); in addition, from Eq. (44), it follows that
_" 2 L2 \ L1. Next, using Barbalat’s lemma [17], it will be shown
that _"! 0 as t!1.

Theorem 2. For the pursuer attitude dynamics described in
Eq. (32), the choice of the control law in Eq. (37), together with the
adaptation laws in Eqs. (42) and (43), guarantees asymptotic stability
of the attitude tracking errors: that is, �"; _"	 ! 0 as t!1.

Proof. Denoting f�t	 � _V as per Barbalat’s lemma [17], we

already know that _V has a finite limit. Next, calculating �V yields

�V ��2 _"T �KD �"��2 _"T �KDH
��1
P ��� �KD � C�P	 _"

� �KP"� J�TP �Y ~�P �� ~�P	� (45)

Because ", _", H�P , C
�
P,

~�P , ~�P , Y, and � 2 L1, then �V 2 L1.
Because _V is uniformly continuous, we conclude that _"! 0 as
t!1.

To show that"! 0 as t!1, we follow the approach outlined in
[24]. The closed-loop tracking-error dynamics in Eq. (38) represent a
nonautonomous system.As a result, we use a theorem ofMatrosov to
show the stability. The theorem and its details are specified in the
Appendix of [24] as well as in [25]. The application of this theorem
boils down to showing that d3V=dt3 is negative-definite when

restricted to M, the set of values of �"; _"	 are such that _V � 0.
Differentiating Eq. (44) twice, substituting the system dynamics, and
evaluating it atM yields

d3V

dt3
��2

h
H��1P

n
�KP"� J�TP �Y ~�P �� ~�P	

oi
T �KD

�
h
H��1P

n
�KP"� J�TP �Y ~�P �� ~�P	

oi
< 0 (46)

Based on the theorem of Matrosov, we finally conclude global
asymptotic stability: that is, "! 0 as t!1 [24]. Thus, we have
shown that" and _"! 0 as t!1. □

Because the proof of global asymptotic stability requires us to
satisfy certain key conditions, we present the theorem of Matrosov
and the associated arguments in the Appendix.

V. Simulation Results

The numerical simulations performed to show the effectiveness of
the proposed control approach were implemented using MATLAB
and Simulink. The differential equations associated with the
mathematical models of the pursuer, target, adaptive laws, and
control laws discussed in previous sections were integrated using a
fixed-time-step Runge–Kutta integration scheme (80 Hz). Several
simulations were performed and only a representative set are
presented in this section. The initial conditions and characteristics
that remained the same in all of the simulations presented are as
follows. The initial relative position and initial relative velocity of the
pursuer with respect to the target are

r O�0	 �
�

50��
2
p 0 50��

2
p
�
T

m

and

_r O�0	 � ��0:5 �0:5 0:5 �T m=s

respectively. The desired relative distance was specified to be 5 m.
The initial orientation of the LVLH frame with respect to the inertial
frame is parameterized by

�� i ! � � � 0 45 deg 0 �

where � is the longitude of the ascending node, i is the inclination,
and !� � is the same as the latitude angle. The moment of inertia of
the target and the pursuer spacecraft are assumed to be

H T � diag� 100 80 60 � kgm2

In all of the simulations, the translational control and the rotational
control accelerations were saturated at 20 m=s2 and 100 deg =s2,
respectively. These are large values and may be impractical.
However, the external disturbance force and torque magnitudes,
initial condition errors, and target accelerations are quite large. The
focus of the work was to illustrate the efficacy of the control and
adaptive laws derived, and we did not try to optimize the control
gains or the adaptation gains; they were arrived at by trial and error.
Further, the control laws were implemented in a sample-and-hold
fashion. The rotational and translational control laws were
implemented at 16 and 8 Hz, respectively. Additionally, Gaussian
white noise was injected into all the states used for feedback in the
control laws. The noise corresponding to the attitude variables had a
standard deviation of 0.1 units and that corresponding to the angular
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velocity variables had 0.02 units. The standard deviation for the
relative position was at 1 unit and that corresponding to the relative
velocity was 0.1 unit. The parameters used for simulation are
summarized in Table 1.

Figure 4 shows the relative displacement of the pursuer from the
target. As can be seen, the control laws are very effective at bringing
down the relative error smoothly. Figure 5 shows the alignment of the
pursuer’s axes with the desired frame, and Fig. 6 shows the angular
errors between the pursuer and target reference frames. As desired,

the angle between in d̂T and d̂P is 180 deg, thus meeting the control
objective. This is simultaneously achieved with the relative position
maintained at 5m, as desired. The translational and rotational control
histories are shown in Figs. 7 and 8, in which the sample-and-hold
nature of the control law implementation is clearly seen. Finally,
Fig. 9 shows that the pursuer tracks the virtual desired frame angular
velocity, whereas the parameter errors remain bounded in the
presence of persistent bounded disturbances (see Fig. 10). To ensure
that the parameter errors remain bounded, the adaptive laws are
modified in a fashion similar to that outlined in [17,26].

VI. Conclusions

The problem of motion synchronization of free-flying robotic
spacecraft and serviceable floating objects in space was studied. A
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coupled synchronization strategy was developed, wherein one
maneuver aimed at maintaining a constant relative separation, with
the relative position vector directed along the docking port of the
target. An adaptive attitude control law was developed that reorients
the pursuer to direct its docking port along the relative position
vector. The control laws show acceptable tracking accuracies for
synchronization, as well as in the presence of unmodeled

disturbances and uncertain inertia parameters of the pursuer.
Additionally, an adaptive disturbance compensationmechanismwas
devised to mitigate the effects due to the aforementioned
disturbances. Finally, the stability of the control law was
demonstrated via a Lyapunov analysis and Matrosov’s theorem.
The performance of the closed loop was verified through
representative numerical simulations.

Appendix: Application of Matrosov’s Theorem

This Appendix summarizes the developments in [24] and verifies
the conditions for the application of the theorem of Matrosov.

Definition: A continuous function �: R� ! R� is said to be of
class K if 1) ��p	 is strictly increasing and 2) ��0	 � 0.

We state Matrosov’s theorem without the proof.
Theorem 3 (Matrosov). Let� 2 Rn be an open connected region

in Rn containing the origin. If there exist two C1 functions
V: �t0;1	 ��! R and W: �t0;1	 ��! R; a C0 function
V�: �! R; and three functions a, b, and c of classK, such that for
every �x; t	 2 �t0;1	 ��,

1) a�kxk	 � V�t; x	 � b�kxk	.
2) _V�t; x	 � V�x � 0. DefineM≜ fx 2 �jV�x � 0g.
3) jW�t; x	j is bounded.
4) max�d�x;M	; j _W�t; x	j	 � c�kxk	.
5) kf�t; x	k is bounded.
Choosing � > 0 such that �B� � �, define for all t 2 �t0;1	

V�1t;� � fx 2 �: V�t; x	 � a��	g
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Then for all x0 2 V�1t;� [x�t	 ! 0] uniformly in t0 and x0 as t!1,
the origin is uniformly asymptotically stable.

Proof. See Rouche et al. [27]. □

Remarks. Condition 1 is a common requirement in Lyapunov
analysis for guaranteeing uniform stability. The region defined byM
in condition 2 is important. Conditions 3 and 4 ensure that nearM and
far away from the origin, the rate of change of a second bounded
auxiliary function is of constant sign and bounded away from zero.
This further ensures that the state converges to the origin. To verify
condition 4, another lemma is provided in [24].

We now show that the aforementioned conditions are satisfied for
the closed-loop attitude error dynamics in the present case. Checking
conditions 1 and 2 is fairly straightforward for the Lyapunov function
candidate chosen in Eq. (39). We have already shown the
boundedness of the tracking errors, error rates, and parameter errors.
Also, withH�P being twice differentiable because �P is bounded, the
covariant tensors [24] associated with the partial differentiation of
H�P with respect to �P are bounded. Further, �" is continuous in the
tracking error and depends continuously on time through " and _",
which are bounded. For checking condition 3, we define

W�"; _"; t	≜ �V ��2 _" �KD �"

Clearly,W is bounded. To check condition 4,we follow the lemma in

[24] (p. 1709). We compute _W � �d3V=dt3	:

d3V

dt3
�� �"T �KDH

��1
P f�� �KD � C�P	 _"

� �KP"� J�TP �Y ~�P �� ~�P	g � _"T �KD
d

dt

� �H��1P f�� �KD � C�P	 _" � �KP"� J�TP �Y ~�P �� ~�P	g� (A1)

Notice that all terms on the RHS of the preceding equation are
continuous with respect to " and _" and depend continuously on time
through a bounded function. Thus, it can be shown that �d=dt	 �" is
continuous in the tracking error and depends on time continuously
through a bounded function. Because themaximum singular value of
the inertia matrix H�P is assumed bounded, condition 4 of the
theorem is verified. Because �P and _�P are bounded and H�P ��P is
continuous with respect to these variables and the tracking errors, the
system dynamics are bounded. Thus, through these relatively
straightforward arguments, we show that all conditions Matrosov’s
theorem are satisfied. Also, for arbitrary initial conditions, one can
choose condition 1 to find an � and� such that the initial conditions
are contained in V�1t0;�. Hence, by application of Matrosov’s theorem,
the origin is globally asymptotically stable.
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Table 1 Simulation parameters

Description Valuea Units

Orbit of target Elliptical, eccentricity is 0:1375 N=A
!T

TN �0	 � 10 10 10 �T � �1, �1 �N �0; 2	 deg/s

!P
PN �0	 !P

DN �0	 � �2, �2 �N �0; k!P
DN �0	k	 deg/s

�T �0	 E313ToMRP(�� i ! �) MRP
�P�0	 �D�0	 � �3, �3 �N �0; k�D�0	k	 MRP
Translational disturbances �1� cos��t	 � sin��t		�4, �4 �N �0; 1	 m=s2

Adaptive gain (translation) �� 5I3�3 N=A
� modification �� 0:1 N=A
Adaptive gain (rotation) �� � 0:15I9�9 N=A
Adaptive gain (rotation) �Y � 1000I6�6 N=A
Translational law gains KI � 0:001I3�3, KP � 10I3�3, KD � 10I3�3 N=A
Rotational law gains �KI � I3�3, �KP � 800I3�3, �KD � 600I3�3 N=A

aNote that � is the instantaneous latitude rate, E313ToMRP implies conversion of the 3–1–3 Euler angle sequence toMRP, �D is
the desired MRP derived from the target orientation, and !P

DN is the desired angular velocity derived from the target.
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